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INTRODUCTION 
Let P be a set of v elements, S,(P) the family of all k-subsets of P, and 
B a subset of S,(P). A pair D = (P, B) is called a t - (u, k, h) design, if 
each t-subset of P is contained in precisely X elements of B. Elements of P 
and B are called points and blocks of D respectively. 
A permutation u on P is called an automorphism of D, if it induces a 
permutation on B. Let 8 be the group of all automorphisms of D. Then 
D is called a block rank 3 t-design, if (5 acts on B as a permutation group of 
rank 3. 
A 3-(4X + 4, 2h + 2, h) design is called a Hadamard design. 
For block rank 3 Hadamard designs, in 1968 C. W. Norman proved the 
following theorem together with a conjecture [l 11: Let D = (P, B) be a block 
rank 3 Hadamard design and Q the group of all automorphisms of D. 
Let (Y and /? be two intersecting blocks of D. Then the stabilizer @ja,B of cy. and 
/3 in 8 possesses a unique pair {r, f> of orbits on B - {a, P - a, /3, P - p> 
with the following properties. r # f and y belongs to r if and only if 
P - y belongs to I’. The length of r is a square, say N2. Put 
/ 01 n /3 n y 1 = A. We may assume that A 5 &(h + 1). Then 
N(;1 + 1 - 2A) = X + I. Furthermore, if h is even, then N = 3, h = 2 
and D is a Todd 3-(12, 6,2) design. 
Conjecture. If X is odd, then N = 1. This implies that D is an affine 
geometry over GF(2). 
Now the purpose of this paper is to prove that if N # 1, then N = 3. 
1. AN IRREDUCIBLE CHARACTER OF G, 
A non-negative integer p is called an intersection number of a design D, 
if there exist two distinct blocks 01 and /3 such that 01 n p contains exactly 
p points. From now on D denotes a block rank 3 Hadamard design. 
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LEMMA 1. D has two distinct intersection numbers 0 and h + 1. More- 
over, E E B for every (Y E B, where Cu. = P - IX. 
Proof. [II, Lemma 11. 
LEMMA 2. 8 is 2-transitive on P. 
Proof. [ 10, Theorem 71. 
Let a be a point and let 01 be a block of D. Let & be a subgroup of 6. 
Then !& and $3, denote the stabilizer of a and 01 in jj on P and B respectively. 
LEMMA 3. 8 is 3-transitive on P. 
Proof. Choose a E P, 01, /3 E B so that a E (Y n /3 and Q: # /3. Put 
x = [6,,, : Oa,B,a] and y = [6,,, : 65a,0,a]. Then since 6 is of rank 3 on B, 
we obtain that 
(A + 1) X = 2(2h + 1) y. 
Clearly y < X + 1. So if X is even, then y = X + 1. But if h is odd, then 
y = h + 1 or y = +(A + 1). 
If y = h + 1, then x = 2(2h + 1). So 6, is 2-transitive on B, = 
{IX E B; a E a}. Since the contraction D, is a symmetric 2-design, 6, is 2-tran- 
sitive on P - {a), namely 6 is 3-transitive on P [8, IC(l)]. 
So we may assume that y = +(A + 1). Then x = 2A + 1 and 6, is of 
rank 3 on B, . Now 6, is faithful on B, . In fact, let u E 6, fix all the blocks 
of B, . Since /3 or p belongs to B, for every block /?, u fixes all the blocks of B. 
Hence u = 1. Now suppose that 8, is of odd order. Then by a theorem of 
C. Hering, W. M. Kantor and G. M. Seitz [3] 6 contains PSL(2, q) as a 
normal subgroup and q + 1 = 4(h + 1). Put 01* = (01, G}. Then [8: %,,I = 
4h + 3. Thus PSL(2, q) contains a subgroup of index 4h + 3. Since if A = 1 
then D is an affine geometry over GF(2) and so 6 is 3-transitive on P, we 
may assume that h > 1. Then since X is odd and h > 3, by a theorem of 
Galois [l] we have a contradiction. So 6, is of even order. Since the lengths 
of orbits of Q,,, on B, are 1, 2X + 1 and 2X + 1, this is a contradiction 
[4, (4.5)1. 
LEMMA 4. Let CL and /3 # 01, ol be blocks of B. An orbit D of G& on B 
is called symmetric if D contains 8 whenever it contains 6. Then besides (01, E> 
and (By 81 6.0 P assesses exactly one pair of non-symmetric orbits {I’, p}. 
The length of C is a square, say N2. Let y E r and put A = 1 01 n p n y I. 
Since I 01 n /3 n jj 1 = h + 1 - A, we may assume that A < +(A + 1). 
Then we have that 
N(X+l-2A)=h+l. (1) 
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Furthermore, 0,., is transitive on X x Y, where A’, Y = (Y n /3, O( n 8, 
Cu n #l or E n /?, and X # Y. 
Proof. [I 1, Lemma 21. 
LEMMA 5. If X is even, then D is a Todd 3-(12, 6, 2) design and 0 is iso- 
morphic to the Mathieu group of degree 11. 
Proof. [l 1, Theorem 21. 
LEMMA 6. If X is odd and there exist three distinct blocks OL, /3 and y 
such that 01 n /3 = a: n y, then D is an m-dimensional a&e geometry over 
GF(2), where 2” = 4(X + 1). 
Proof. [9, Theorem 61. 
Hence we may assume that X is odd, h 3 3 and that there exist no three 
distinct blocks a, /3 and y such that 01 n /3 = 01 n y. Then our aim is to 
show that N = 3 from these assumptions. 
LEMMA 7. Let 01 be a block. Then 0, (= 0,) is 2-transitive on 01 and on Cu. 
Proof. We choose two distinct points a and b of 01 and a block /3 so that 
a E t?I and b 6 /3. By Lemma 3 0, is 2-transitive on P - (a). Since D, is sym- 
metric, 0, is 2-transitive on {a E B; a E a} [8] lC(1). Hence we have that 
FfL,a : 0u.B.a ] = 4X + 2. Now by Lemma 4 we have that [Oar,B,a : O.,+$J = 
h + 1. Put x = [Q,,, : Qol,J and y = [Ojrr,a,B : Ojol,B,a,B]. Then we have that 
xy = (4X + 2)(h + 1). Since obviously x < 2h + 1 and y < 2(X + l), 
we obtain that x = 2h + 1 and y = 2X + 2. 
LEMMA 8. Let a E 01 and ~3 E aC. Then Q,., and Oz,a are Ztransitive on 
ol and LY respectively. 
Proof. We choose a block p so that a, a E /?. First we notice that 0, = 0, 
and that [0, : 0,,,] = 8h + 4. Now by Lemma 7, [0, : 0,,,] = 2h + 2 
and by Lemma 4, [O,,b : Ojrr,b.a,d] = (A + 1)“. Put x = [Q,,, : Oja,a,b] 
andy = [Q..a,d : @LB.d ‘rh en we have that (2h + 2) xy = (8X + 4)(h + 1)“. 
Since obviously x < 2h + 2 and y < 2h + 1, we have that x = 2X + 2 
andy =2X+ 1. 
Then since I Q,,, I = I 0,,, 1, we have that [Oa,n : Gol.J = 2X + 2. 
Let 6 be a point (#Z) of E n /3. Then by Lemma 7, [0,,, : S,,,,,] = 2h + 1. 
So we obtain that [Ool,a,d : 0a.a,d,6] = 2X + 1. 
Let X be a finite group and 9 and 3 subgroups of X. We say that 9 and 3 
are r-connected in I if X consists of r((l), Q)-double cosets. 
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LEMMA 9. 6jol,a,d and @& are 2-connected in 8,) where a E 01 n /I, 
ii E Cr n /I, and a $ p* = {/3, p}. A4 oreover two double cosets have the same 
cardinality. 
Proof. Since CJ,,, is 2-transitive on E by Lemma 8, there exists an invo- 
lution u of Q,,, of the form 
(5 = (a)(& a*)..., where a*~cllnfl. 
Then we claim that 
In fact, by Lemma 4, (a, 5) will be transferred by some element of C&,0’ 
toany(a,,~,),wherea,Eiu.n~and~,Eornp,ora,EcrnBand~,Eoln~. 
Now u transfers (a, 5) to (a, a*). So again by Lemma 4, (a, a*) will be trans- 
ferred by some element of Gjn,+ to any (az , ?I$), where a, E 01 n /3 and ii; E 
cun8,ora,Ea:n~anda~Eolnp. 
In particular, we obtain that 
Let X be a finite group and ‘t) a subgroup of 3. Then 1~ denotes the princi- 
pal character of ‘$I and 19s denotes the (permutation) character of X induced 
by 1x1. 
LEMMA 10 [2, Theorem 21. Let go be the non-trivial common irreducible 
component of 12 ol,a.d and 1 z;,,. _ Put f = y(l). Then 
(4) 
ProoJ: Put p 1 6, 1 = j Oar,a,d%jiy,Bt / and q = 1 -p. Moreover, put 
pzl / 6ja,a,d&)a,B* / = ( t5ja,a,hQar,B* n 65ja,B&5u,a,d 1. Then a theorem of J. S. 
Frame [2, Theorem 21 states that f = q/(p - pzl). By (3) p = q = 3. 
Sof = l/(1 - 2p,,). By (2) and (3) we have that +pzl I 6, I = 1 Qti&5u,D* I - 
I %a,d%B* n %.BJL,d I = t I Q, I - I I 6ja,a,d%,Be n %*Qar.a,d I. Thus 
we obtain (4). 
Now we evaluate (4) as in a previous work [7]. 
Let H = (y*; y E B}. We call an element of H a class. Now fix LX, p, a E cy n j? 
and a E E n p. We say that 6* E H is a good class if {a, H} C 6 or {a, a} C 8. 
By our definition p* is a good class. Furthermore, an element u’ of %,, is 
called a good permutation if B*o’ is a good class. 
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Put ?D = Qar,a,d n (I$&* and choose u1 ,..., (T~~+~ E Oa,a,d so that Oor,a,d = 
3% + ..* + Z)U,~+~ = u,D + ... + u~~+~D. Then we have that 
~ja,r3*%.a,li = %,/3*% + ... + QLB*u2A*l (5) 
and 
Q -8 oi,a,a a,o* = 4f&3* + ... + %+1Qa,t3*. (6) 
p*~i (i = l,..., 2h + 1) are all good classes, and we may assume that 
/3*“l = p*. By (2) 8, = ~jar,8t~ja,a,d + Oor,BIuQar,a,d, where by definition u 
is not a good permutation. So by (5) we see that C5jor,BJ5a,a,d consists of all 
good permutations of 8,. Now let @*>, r* = (I’, r>, O,* ,..., 0: be the 
orbits of C5’a,B* on H - {a*} of lengths 1, N2, dI ,..., dt respectively, and 
1, c, e, ,..., et the numbers of good classes in @*}, r*, d: ,..., Of respec- 
tively. Then we have that 
and 
1 + N2 + dl + ... + dt = 4X + 2 (7) 
1+c+e,+ ... + et = 2h + 1. (8) 
LEMMA 11. We have that 
Proof: Put y* = /3*~. Assume that y* EAT and put C&B’ = 
Q U,a*,v*O1 + ... + Qor,B*.vtPai. Then 0: = {Gaul,..., y*?}. Thus we see that 
dL3*.~*% consists of entirely good permutation if and only if y*pm is a 
good class. Hence u&Y&~ contains (ej/di) I C&* 1 good permutations, and 
there exist ej such left cosets as ui&+ . 
The case y* E r* can be treated similarly. So (9) follows from (6). 
LEMMA 12. ei = +di (i = l,..., t). 
ProoJ: Let y* E H - (LX*, /!I*>. A 2-subset (c, d) of y or jj is called 
favorableif{c,d}nolnP # m and{c,d}nEnfi # @.Nowletrl* #I’* 
be an orbit of 8 a.@* on H - {II*, /3*} of length d. For 6* E A*6 and 8 each 
contain 4(x + 1)2 favorable 2-subsets. By Lemma 4, @a,s acts transitively 
on the family of favorable 2-subsets ({c, d)}, where c E 01 n /3 and d E E n /3. 
Thus {a, a} appears with multiplicity &d among the not necessarily distinct 
*d(h + 1)2 favorable 2-subsets coming from A*. Hence the number of good 
classes in A* equals id. 
LEMMA 13. Put B = X + 1 - A. Then c = 2N2AB/(h + 1)“. 
90 NOBORU IT0 
Proof. Each y E r or r contains AB favorable 2-subsets. So there exist 
not necessarily distinct 2N2AB favorable 2-subsets coming from r*. Thus 
{a, a} appears with multiplicity 2N2AB/(h + 1)“. 
LEMMA 14. f = 2N2(2h + l)/(N2 + 1). 
Proof. First of all, by (4) and (9) we have that 
2x + 1 
f = 2(1 + c2/N2 + e12/d, + a.. + et/&) - (2A + 1) * 
Next from (1) we obtain that 4N2AB = (N2 - l)(h + 1)“. Now by Lemma 12, 
(7) and Lemma 13, we obtain that 
2 (1 + f +.$ + .‘. -+ g, - (2X + 1) 
8N2A2B2 
=2+&;-;A”= (h+1j4 
4AB(N2 - 1) - (N2 - 3)@ + 1)” = 
20 + 1)” 
(N2 - 1)2 - N2(N2 - 3) N” + 1 = 
2N2 =-jpr 
2. 3-(2h+2,h+i?h-i1)D~s1~~~, 
For basic facts on permutation characters we refer to [12]. 
Put P(O) = 12 (g) and B(a) = 1 g,(o) for o E G. Furthermore, put 
P&(O) = 1% (a) &d P,(O) = 1 z,,t~) for c E 0, . Since 0 is 2-transitive 
on P by Legma 2, we have that 
P(u) = 1 + x(4 (1% 
where ~7 E 0 and x is an irreducible character of 0 of degree 4h + 3. Since 
0 is of rank 3 on B and 0, is not transitive on P, we have that 
B(u) = 1 + x(u) + ~(a), (11) 
where 7 is an irreducible character of 0 of degree 4h + 2. Since 0, is 2-transi- 
tive on a and on C% by Lemma 7, we have that 
PA4 = 1 + xow>, (12) 
and 
Pd4 = 1 + xdu), (13) 
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where 0 E 6, and x* and xi are irreducible characters of 65, of degree 2h + 1. 
By Lemma 8 6,,, is transitive on G. Hence x. and xti are different characters 
of gfi,. Since clearly P(u) = P=(o) + P,(G) on 6,) by (lo), (12) and (13) 
we have that 
XC”) = 1 + xdu) + X6(4? (14) 
where u E 8, . 
we have that 
Put B,(u) = 13+&u) for UE 6,. Then by (11) and (14) 
BE(U) = B(u) - 2 = 1 + Xa(U) + X6(U) + Tl(4, (15) 
where u E 8, and 71 = T - 1 is a (reducible) character of 8, of degree 
4X + 1. By Lemma 14 the degree of B, - 1 - x. - xe - v is less than 
2h + 1. Therefore 1,. , xa , x6 and 9 have the multiplicity precisely one in B, . 
From now on let 01 be a fixed block. Put P, = a, B, = {/3 n a; /3 E B, 
/3 $ a*} and D, = (Pal , B,). Th en by a theorem of M. E. Kimberley [9, 
Lemma 4.41 D, is a 3-(2h + 2, h + 1, h - 1) design. Let Ai be the number 
of blocks of D, containing a given i-subset of Pa (0 < i < 3). Then X,(D,) = 
8X + 4, h,(D,) = 4h + 2, h,(D,) = 2X and &(D,) = X - 1. 
By Lemma 4, the intersection numbers of D, are p0 = 0, pI = A, p2 = 
$(A + 1) and p3 = B. Let 3i be th e adjacency matrix of D, corresponding 
to pi : Ai = (A#, y)), where /3, y E B - (01, G}, and A@, y) = 1 if 
/ 01 n /3 n y 1 = pi ; = 0 if otherwise (0 < i < 3). Furthermore, let Ii 
be the incidence matrix of D, : Ii = (Z,(x, , /3)), where xi is an i-subset of 
P, , and Z,(x, , ,6) = 1 if xi C 01 n p; = 0 if .x$ 01 n /? (0 < i < 2). Then 
the following equations are well known: 
A, + Al + A, + A, + E = Z,,V,, , 
AA, + 4th + 1) A, + BA, + (h + 1) E = ZltIl, 
(;‘) A, + (‘@ 2+ “) A, + (;) A, + (” ; ‘) E = I;12, (16) 
where E is the identity matrix of degree 8h + 4. 
Let I7 be the permutation matrix representation of 6, on B - (a, I?}. 
Then Ba(u), u E 6, is the character of II. Now by definition each Ai 
(0 < i < 3) belongs to the centralizer ring of IT. 
Let V be the vector space over R, the field of real numbers, freely generated 
by the blocks of B - (01, 5). Then we can regard I/ as the natural (left) 
@,-space yielding 17. 
Let a be a point of 01 and IIsa the row vector of ZI corresponding to a. 
In this setting we may put Ii,a = x:aeBfa /!I. Then we put formally I,,, = 
&+ /3, where G is a point of c. 
Clearly W, = (I,‘) yields the identity representation of 8,. 
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LEMMA 15. Eigenvalues of A,, , A, , Az , A, , IotI,, , IltI, and ZztIz corre- 
sponding to Iot are equal to 1, N2, 8h + 2 - 2N2, N2, 8h + 4, 
2(h + 1)(2h + 1) and (A + 1) A2 respectively. 
Proof. These values are equal to the number of l’s in each row of each 
matrix. 
Let W be the subspace of V generated by all & , a E 01, Then W is a 
B,-subspace yielding P, . In fact, let u E 05, , a E 01 and b = au. Then 
w4 c,a = %J f Similarly let W be the subspace of V generated by all I:,,- , 
ti E (Y. Then Wis a B,-subspace yielding P6 . 
LEMMA 16. (i) Let W, be the subspace of V generated by all & - I&, , 
a, b E 01. Then W, is a B,-subspace yielding xa . (ii) Let F1 be the subspace 
of V generated by all & - I!,6 , a, 6 E 5. Then F1 is a Q,-subspace yielding 
xa‘ * 
ProoJ It suffices to prove (i). Then it suffices to show that W = W, + W, 
and W, n W,, = 0. Fix a point a of 01. Then (2x + 2) & = (A + 1) lot + 
ILo: (I& - &> and & - I:,, = (& - &I - Vi,, - &A 
Since xa and xa have the multiplicity precisely one in I&(u), CJ E G, , 
I,“,, - G,b 2 a, b E 01, a # b and Zi,,- - 14,s , a, 6 E Cr, 5 # 6 are eigenvectors 
of Ai and I,“Ij (0 < i < 3; 0 < j < 2) by Schur’s lemma. 
LEMMA 17. (i) Eigenvalues of I,tI, , Z1”Z, Z2t12 , A, , A, , A, and A, 
corresponding to Il,a - Zi,b are equal to 0, 2(h + l), h(h + l), - 1, -N, 
0 and N respectively. (ii) Eigenvalues of I,“&, , IltI, , I,tI, , A,, A, , A, and 
A, corresponding to I;,,- - Ii,6 are equal to 0, 0, 0, - 1, N, 0 and -N res- 
pectively. 
ProoJ Because of the similarity, it suffices to prove (i). Then the first 
four values are evaluated directly. Namely, (I~1011t)(/3, CX) = h + 1; 
(TltIlllt>(P, a) = La W(c, fl) i- (4X + 2) Ida, /9 = %I2 + 4h + 2 if 
a E B; = 2W + 1) if a 4 B; V2t~24t>U3, 4 = CaCsa (A - 1) 12(x2 , B> + 
CaErZ 2A12(x2 , /I) = #(A - 1)2 if a E p; = &!(A2 - 1) if a 6 /3; and 
WJltW 4 = Ua, PI = -Ma, PI 
Now let ei be the eigenvalue of A, corresponding to Ii,, - I&, (1 < i < 3). 
Then from the above and (16) we obtain that 
el + e2 + e3 = 0, 
Ae, + &(A + 1) e2 + Be, = A + 1, 
(17) 
($) e, + (‘(’ z “) e, f (,“) e3 = @(A + 1). 
From (1) and (17) we obtain that e, = -N, e2 = 0 and e3 = N. 
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lsm , xa , xc and y all have the multiplicity one in &(a), u E 8, . Therefore 
we can reduce by a suitable real orthogonal transformation Ai (0 < i < 3) 
and Ij”Ij (0 <,j < 2) as follows: 
and 
(Ii”&)* = uJL+l 
v&f 
W 
where E, denotes the identity matrix of degree n and Xi and Wj are real 
symmetric matrices of degree 4h + 1 - J 
By Lemmas 16 and 17 we have the following data: a,, = 1, b, = - 1, 
co = - 1; a, = N2, b, = -N, cl = N; a2 = 8A + 2 - 2N2, b, = c2 = 0; 
a3 = N2, b, = N, cQ = -N; s,, = 8h + 4, to = u,, = 0; s1 = 2(h + 1) x 
(2h + l), tl = 2h + 2, ~1~ = 0; s2 = (X + 1) h2, t, = (A + 1) h and u2 = 0. 
LEMMA 18. (i) u0 = 0, W, = 0, v1 = 0 and W, = 0. (ii) d0 = 1 and 
X0 = E. 
Proof: (i) All eigenvalues of W,, are equal to zero. The same holds for 
W, , because Tr(IItII) = (h + 1)(8h + 4) and all eigenvalues of IItII are 
non-negative. (ii) A,2 = E and Tr A,, = 0. 
Therefore we obtain the following two equations: 
and 
d,+d,+d, = -2 (18) 
Xl + X2 + X2 = -2E. (19) 
LEMMA 19. dl = d3, and X, = X, . 
Proof. A, and A, correspond to the orbits {a n y; / (Y n /I n y j = A) 
and {a n y; j 01 n /3 n y 1 = B} of @J~,~ on B, respectively. Hence we have 
that Tr Al2 = Tr AZ2 = N2(8h + 4) and Tr A,A, = 0. So we obtain that 
and 
d12f+ Tr XI2 = ds2f + Tr X,Z = 2(2X + 1) N2 - N4 (20) 
Qd3 + Tr X,X, = 2(2X + 1) N2 - N4. (21) 
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Therefore we have that 
(4 - dJ2f+ Tr(X, - A’,)2 = 0. 
Now from (18) and (19) we obtain that 
d, = -2(d, + 1) (22) 
and 
x2 = -2(X, + E). (23) 
In particular, the Ai commutes with each other (0 < i < 3), and hence 
the Ai and the IjtIj are simultaneously diagonalizable. Hence we may assume 
that Xi = (xii) and Wj are diagonal matrices. 
Since Tr A, = 0, we have that 
dlf t Tr XI = -N2. (24) 
Furthermore, A, may be regarded as the matrix of a (not necessarily con- 
nected) regular graph. Hence (See [6, (2.3), (2.4)]) we have that 
N2 > i xlA I. (25) 
LEMMA 20. dl = -1. 
Proof. First assume that dl > 0. By (24) and Lemma 14 we obtain that 
Tr X, - 
4X+1-f= 
N2W2 + 1 + WA + 1) 4) > N2 
4X +- 1 - N2 
This is against (25). Next assume that dl = 0. By (20) and Lemma 14, 
we obtain that 
Tr A’,” 
4hfl--f= 
(4h + 2 - N”) N2(NZ + 1) > Nd 
4h + 1 - N2 
This is against (25). Finally assume that dl = -2. By (24) and Lemma 14 
we obtain that 
Tr XI 
4hSl--f= 
{-d,(4h + 2) - N2 - l} N” > N2 
4X + 1 - N2 
This is against (25). 
Furthermore, from the last part of the proof of Lemma 20, we obtain the 
following lemma. 
LEMMA 21. Xl = N2EdA+,mf. 
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Therefore from (22) and (23) we obtain that 
d, = 0 and x2 = -2(N2 + 1) E4&-f . (26) 
By Lemma 21 and (26) we have that the vector space V(D) spanned by 
the Ai (0 < i < 3) and E over R is closed under the matrix multiplication. 
In particular, we have that 
A,2 = $(N2 - 1) A, + $(N2 - 1) A, + N2E. (27) 
Since the coefficients must be integers, from (27) we obtain the following 
lemma. 
LEMMA 22. Nisodd. 
By Lemma 14, we may put 
2(2X + I) = m(N2 + l), 
where m is a positive integer. By (28) 4(h + 1) = 2(2h 
m(N2 + 1) + 2. So, by (1) we may put 
m f 2 = m,N, 
where m, is a positive integer. By (28) and (29) we have that 
4x + 2 = (N2 + l)(m,N - 2). 
Moreover, by Lemma 14, we have that 
f = N2(m,N - 2). 
3. COMPONENTS OF THE GRAPH PRESENTED BY A, 
(28) 
l)f2= 
(29) 
(30) 
(31) 
We regard A, as the adjacency matrix of a regular graph R vertices of 
which are blocks of B, . Since N2 is the valency of R and N2 is an eigenvalue 
of A, with multiplicity 1 + 4X + 1 -f = m,N - 2, by [5, (2.3), (2.4)] R 
is decomposed into m,N - 2 distinct connected components. We notice 
that the average number of vertices in a component of R is (8h + 4)/ 
(m,N - 2) = 2(N2 + 1). 
LEMMA 23. Each component C of R is of the form: 
WI = {a n 8, 01 n y1 ,..., 01 n yNe ; 01 n A 01 n j4 ,..., ~1 n jQ, 
where r = (yI ,..., yNe}. 
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Proof. Since 8, is transitive on B - 01*, it suffices to show that there 
exists at least one component of the above form. Now if C contains 01 n p, 
then by Lemma 4 C contains all 01 n yi (1 < i < N2). Put C = (01 n 8; 
01 n 6 E C]. Then C is also a component of R. Hence it suffices to show that 
there exists a component C such that C = C. Assume not. Then the number 
of components of R must be even, whereas m,N - 2 is odd by Lemma 22 
and (30). 
LEMMA 24. C@) is an imprimitivity block of 6, . In particular, GE,,(,) 
contains @&* . 
Proof. C@) is a connected component of R. 
LEMMA 25. Let a E 01 n p and b E 01 n 8. Let x and y be indices of 
8 a,C(B),a,b in Qa,a,b and 6.a,C(B),a respectively, and z the index of 6ol,0,a,b 
in Ool,C(B),a,b. Then we have that 
4@ + 1) 
x= N2+3’ Y= 
2(N2 + 1)(x + 1) 
N2 + 3 
and z = +(W + 3). (32) 
Prooj Since [B,,c~) : %,,I = 2N2 + 2, [~,,c(o) : @k,c(s),al = 2X + 2 
and [6,,, : @&&j = h + 1 by Lemma 4, we have that 
FL.cw.a : Gwd = N2 + 1. (33) 
Sin= FLb : Q..B,~,B ] = X + 1 by Lemma 4, we obtain that 
(2h+l)x=(m,N-2)y (34) 
and 
yz = (N2 + l)(h + 1). (35) 
Now put C(/3, a) = (a n /I) @=.c@).Q. Then by (33) we see that C@, a) 
is the set of elements of C@) containing the point a. Since G,,, is transitive 
on the yi , each element of cy n p is contained in precisely AN2/(A + 1) = 
+N(N - 1) of the 01 n yi . Similarly it is contained in precisely BN2/(A + 1) = 
+N(N + 1) of the LY. n jji . Thus we may put 
CCB, 4 = {a n B; 01 n yi(l < i < QN(N - 1); a: n vj(aN(N - 1) + 1 
< j < N2}. (36) 
Take an intersection of IX n p with each element of C@, a). Then the total 
number of elements in these intersections equals +BN(N - 1) + 
$4N(N + 1) = &(N2 - l)(h + I). Hence the average frequency of elements 
of (Y n fl in these intersections equals +(N2 - I). 
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Now (a n 1B)oa.cW.a.a is contained in the subset of C@, a) consisting of 
all elements not containing b. So if we choose a suitable point b of cy. n 6, 
then we obtain that z < N2 + 1 - $(N2 - 1) = $(N2 + 3). Assume that 
we have an inequality here. Then z < $(N2 + 1) and by (35) we have that 
y > 20( + 1). Since obviously y < 2X + 1, this is a contradiction. Therefore 
we obtain that z = +(N2 + 3) for every choice of b E iy n 8. Now (32) 
follows from (34) and (35). 
Now put A@, a) = (Y n ,i3 - CY. n p n b’..c(B)... Here we notice that 
A@, a) is independent from the choice of b E 01 n /!I, because Qol,a,a is tran- 
sitive on 01 n p by Lemma 4. 
LEMMA 26. Under the assumption of (36) we have that 
NA 4 = a n B n y1 n - n ~~~(~4 n 7fN(N-l)+l n 1.. f-7 YN2. 
Proof. Since 01 n p = b’a.@.a c bG~sc(B).~ by Lemma 4, A@, a) contains 
h+ 1 -(u-h-- 1) =4(h+ 1)/(N2+3)points. 
Let d be any point of b’a.C@).a. Then by the proof of Lemma 25 the 
frequency of d in C@, a) equals +(ZV - 1). 
Now take an intersection of (Y n /3 with each element of C@, a) - {a n /3}. 
Then the total number of elements of these intersections equals 
-&4N(N - 1) + &BN(N + 1) = $(W + l)(h + 1). 
Let u be the average frequency of elements of A@, a) in C@, a) - {a n /3}. 
Then since (Y n fl = A@, a) u (CX n /3 n b ‘~@).a), by the above we obtain 
that 
$-(N2 + l)(h + 1) = ZJ 40 + 1) N2 + 3 + ($(N2 - 1) - 1) (A +;;‘,“‘, 1) . 
Hence u = N2. So in the assertion the left-hand side is contained in the right- 
hand side. The converse inclusion is obvious. 
LEMMA 27. N = 3. 
Proof. Put C = (IX*, p*, yl* ,..., &}. Then for any a E P let C(a) denote 
the intersection of all blocks 6 containing a such that S* E C. Hence if 
a E a n /I, then C(a) = A@, a) by Lemma 26. If C(a) # C(a’) for a, a’ E P, 
then by definition there exists a block 6 such that C(a) C 6 and C(a’) C 8. 
Hence they are disjoint. Since @jol*,B * is transitive on P, there exist N2 + 3 
distinct C(a)‘s. Let 2I denote the set of all distinct C(a)‘s. 
Let us consider the stabilizer Gc of C in 8. Since K&-a* is transitive on 
C - {a*} by Lemma 24, (tic is 2-transitive on C. By Lemma 24, @j,*,B* is 
a subgroup of EC . By Lemma 4 [(3j,,*,@, : Qa*,8*,vJ = N2. So Bc is 3-tran- 
sitive on C. 
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On the other hand, we may consider 8, as a permutation group on 91. 
Then since (N2 + 2, N2 + 3) = 1, Qcfcta) is transitive on C. Since Q,,,,, 
is transitive on P, 8 a*,4* is transitive on Cu. Hence we have that [O,--(a:,a* : 
6 C,C(aj,a*,B*] = N2 + 1, namely Oc,c(a) is 2-transitive on C. Since 
(N2 + 3, N2) divides 3, if N f 0 (mod 3) we have that [QC.C(a).o*,D* : 
Q ~,~(a~aw,v;l = N2, namely (fic,c(a) is 3-transitive on C. But if N = 0 
(mod 3) then 
KfkC(a),rr*,l3* : QkC(ah*.B*,v.f ] = 0 (mod 7). 
Let C(a’) # C(a) E $2. Then (Ijc,c(a),c(a,) cannot be transitive on C, 
because there exist 6*, E* E C such that C(a) C 6 n E and C(a’) C 6 n E. 
Therefore the irreducible component of 1%;::) OLt of degree N2 + 1 appears 
in 1 Qc-c(a) 
%.C(d.CW) . Hence %,c(a) is 2-transitive on 21 - {C(a)}. Thus we have 
two 2-transitive permutation representations of Qc,c(a) . But these two repre- 
sentations are not equivalent, because the numbers of 6’s and E’S above 
are both greater than 1. Hence by a previous result [6] Bc,c(a) is not 3-tran- 
sitive on C. In particular we have that N = 0 (mod 3). 
Take a E iy n /3. Then by Lemma 26 {r? ,..., Y$,,(,,,,-~)} is invariant for 
8 C,da),a*,4* . Since ~~jC,Ckd.a*,4~ : 6 C,C(a).a*,B*,v;l = 0 (mod N2/3), we have 
that +N(N - 1) = 0 (mod N2/3). Thus N = 3. 
LEMMA 28. Let 53 be the kernel of 6, on C. Then B,/si is isomorphic 
to Ml, 3 the Mathieu group of degree 11. Furthermore, 53 is the kernel of 8, 
on A. 
Proof: In the proof of Lemma 27 it is shown that Bc is 3-transitive on C, 
and @Lm A is not 3-transitive on C. Since the index of GJI,,,(,)R in Q, 
divides 12, S,/Jz must be isomorphic to M,, . Since M,, has no proper 
subgroup of index less than 11, 52 must be contained in QC,C(R) . In particular, 
R fixes all the blocks 15 such that 6* belongs to C. 
Remark. Since N = 3, by Lemmas 14 and 25 we have that h = 2 
(mod 15). 
APPENDIX 
The following simple and direct proof to the fact that N is odd (Lemma 22) 
we owe to Professor Marshall Hall, Jr. 
In the notation of Lemma 4 put a n /3 = (a, ,..., u~+~} and 01 n p = 
{b, >..., b,,,}. Let D1 ,..., Dt be symmetric orbits of 8,,, on B and put 
D = D, v .‘. u Dt . Then I D 1 = 8h + 2 - 2N2. If y E D, then 
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j y n 01 n p I = / y n 01 n fl j = $-(A + 1). So there are 2(4h + 1 - IV) x 
{$(A + 1)}2 pairs of the form {ai, bj} in the blocks of D. On the other hand, 
since there exist (A + 1)2 pairs of the form {ai , b,}, and by Lemma 4 Q,,, 
is transitive on (a n /3) x (a n ,6?), we obtain that 
2(4X + 1 - N2){;(X + 1)}2 = 0 
This implies that N is odd. 
(mod(X + 1)“). 
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